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ON THE FUNCTIONAL EQUATION OF THE SIEGEL 

SERIES 

TAMOTSU IKEDA 


Abstract. It is well-known that the Fourier coefficients of Siegel- 
Eisenstein series can be expressed in terms of the Siegel series. 

The functional equation of the Siegel series of a quadratic form 
over Qp was first proved by Katsurada. In this paper, we prove 
the functional equation of the Siegel series over a non-archimedean 
local field by using the representation theoretic argument by Kudla 
and Sweet. 

Introduction 

The theory of Siegel series was initiated by Siegel [18] to investigate 
the Fourier coefficients of the Siegel Eisenstein series. Since then, many 
authors treated Siegel series. Katsurada [5] gave an explicit formula 
for the Siegel series over Qp. To obtain the explicit formula, Katsurada 
proved a functional equation of the Siegel series, which is now called 
the Katsurada functional equation. The purpose of this paper is to 
generalize Katsurada functional equation over an arbitrary local held 
of characteristic not 2. 

There are several proofs of the Katsurada functional equation over 
Qp. Bocherer and Kohnen [1] used the global functional equation of the 
Siegel Eisenstein series. The proof of Sato and Hironaka [?] used the 
theory of spherical functions. In fact, Karel [4] has shown that there 
exists a functional equation by using the representation theory, but he 
did not calculate a precise form of the functional equation. The precise 
form of the functional equation can be calculated by using the result of 
Sweet [19] on the “gamma matrix” of a prehomogeneous vector space, 
in principle. 

In this paper, we hrst reformulated the result of Sweet [19] suitable 
for our purpose. Let Sym„(E) be the space of symmetric matrices 
over a non-archimedean local held F of characteristic not 2. We will 
calculate a precise form of the local functional equation of the preho¬ 
mogeneous vector space Sym„(F). Our method of the calculation is 
basically the same as that of Sato [12]. 
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We now explain the content of this paper. In section 1, we give 
a preliminary result on the Weil constants and Tate’s local factors. 
In section 2, we give a local functional equation (Theorem 2.1 and 
Theorem 2.2) for the prehomogeneous vector space Sym„(F). In these 
theorems, we consider the zeta integrals with respect to a character 
u of F^. For a; = 1, our functional equation reduces to the result 
of Sweet [19]. In section 3, we explain the relation of the functional 
equation of the prehomogeneous vector space Sym,^(F) and that of the 
degenerate Whittaker functional of the degenerate principal series of 
Sp„(F). Note that this relation was established for unitary groups in 
Kudla and Sweet [6]. Combining these results, we prove the functional 
equation of the Siegel series in section 4. 

I thank late Prof. Hiroshi Saito for his kind advice. I thank Prof. Fu- 
mihiro Sato for his comment. 

This research was partially supported by the JSPS KAKENHI Grant 
Number 26610005, 24540005. 

1. Weil constants and Tate’s local factors 

Let F be a non-archimedean local field whose characteristic is not 
2. The maximal order of F and its maximal ideal is denoted by o and 
p, respectively. The number of elements of the residue held 6 = o/p is 
denoted by q. For x G F^, we have = |a;|. The Haar measure 

dx on F is normalized so that J dx = 1. The Hilbert symbol of F of 
degree 2 is denoted by ( , ). We put \x G F^}. Similarly, 

put put I t G 0 ^}. It is well-known that [F^ : F^^j = 4 |2|“^ 

and [o^ : = 2 |2|“^. For 9 G F^/F^^, we put Xe{x) = {9,x). 

We hx a non-trivial additive character ip of F. Let be the order 
of Ip, i. e., is the maximal integer c such that ip is trivial on p”*^. We 
hx an element 6 G F^ such that ord(5) = c^. 

For each Schwartz function cp G S(F), the Fourier transform cp is 
dehned by 

Pp(x) = j (p{y)ip{xy)dy. 

Note that the Haar measure \Sp^‘^dy is the self-dual Haar measure for 
the Fourier transform (p ^ (p. For each a G F^, there exists a constant 
called the Weil constant, which satishes 

(1.1) J p{x)ip{ax‘^) dx = a^{a)\2a\~^^‘^ J (p{x)ip dx 

for any p G S(F) (cf. Weil [20]). The Weil constant a^{a) depends only 
on the class of a in F^/F^"^, and so the symbol a^{6) for 6 G F^/F^"^ 
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is meaningful. Clearly, we have a^{—a) = a^{a). It is easy to see 
a^^{a) = a^{^a) for ^ G , where 'ip^{x) = For any a,b E F^, 

we have 

cx^{oj^cXrfp{h') . . 

a^(l)a^(a6) 

If there is no fear of confusion, we write a (a) for a^{a). 


Lemma 1.1. For y E F^, 

^ a{x){x,y) 

a;eFx/Fx2 


2|2r-/^4u' 

a[y) 


Proof. Since 


a{x){x,y)= 

xeFx/Fx2 xePx/Fx^ 

it is enough to prove that 


a(l)a(xy) 

f \ f \ 

a{x)a{y) 


Y, a(U=2|2r'/2, 

XSFX /FX 2 


«(1) 

a{y) 


xeFx/Fx2 


a{x), 


This was proved by Kahn [3]. We follow the argument of his hrst proof. 
We may assume ip is of order 0. Let cu be a prime element of F. We 
choose a set A of complete representatives of o^/o^^. Then AUwA is 
a set of complete representatives of F^/F^‘^. Then we have 


^ Q;(a;) =Vol(o^^) ^ 
x&A 

^2 '^(^) =Vol(o^^)“^ 

xGzuA 



a{x) dx, 



a{wx) dx. 


Note that Vol(o^ 2 ) _ . oX^^Volio^) = 2-^\2\{l - q-^). 

Let 00 be the characteristic function of o. By putting 0 
(1.1), we obtain 


a{a) 



in 


for a G 0 \ {0}. Then we have 



^-^)dydx 
[^)dydx - 


'^{^)dy dx 
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Note that 

2 

dydx =Vol({|/ eo\y‘^ e 4o}) = Vol(2o) = |2|, 

2 

dydx =g“^Vol({|/ G o | G 4p“^}) = g“^Vol(2o) = \2\q~^. 

Ip Jo 4 
It follows that 

5]a(a;) = 2|2|-i(l - g-^)-^|2|-V2|2|(l - g'l) = 2|2|-V2 

x^A 

Similarly, we have 

,2 





a{zux) dx =\2\ dy dx 


= 121 - 1/2 


'^(^)dy dx 


p v/ 0 




In this case, 


dydx =Vol({|/ G 0 11/2 e 4p}) = Vol(2p) = \2\q i, 

2 

dydx =q~Wo\{{y G o | //2 ^ 4o}) = g-iVol(2o) = \2\q 
4:ZU 


-1 


fpJo 

It follows that 


Hence the lemma. 


a{x) = 0. 


cGzuA 


□ 


For a character u of , the e and L factor of u are denoted by 
e^SjUj-ip) and L{s,u), respectively. We also use the notation 

e = e{s,uj,ij) - - -^-. 

L[s, uj) 

Then Tate’s local functional equation says 


(l){x)u{x)\xY ^ dx = e'{s,u,'ip) ^ / ^{x)u i(a;)|a;| ^ dx 


J F J F 

It is well-known that 

e'{s^u^ip)e'{l — = a;(—1). 

When there is no fear of confusion, we write £(s,a;) (resp. £'(s,a;)) for 
e{s,u,'ip) (resp. e'{s,u,'ip)). 
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Lemma 1.2. Let u be a quasi-charaeter of . For p G F^ and 
0 G S(F), we have 

/ (j){x)u{x)\xf~^ dx 

Jx&p-F^'^ 

=4"^|2| ^ X0(p)£'('S,a;xe)"^ / 0(a;)a;”^Xe(a^)kr^ c^a;. 

eeFx/Fx2 

Proof. Since [F^ : = 4|2|“^, we have 

/ 0(a;)ci;(a;)|a;0“^ da: 

Jxep-Fx^ 

=4"^|2| ^ Xe(p) [ (l){x)uxd{x)\xf~^ dx. 

eeFx/Fx2 aF 

Then the lemma follows from Tate’s functional equation. □ 

Lemma 1.3. Let u be a quasi-character of F^. Then we have 


Y. 


a(l) ,, 


a{9) 


e{s,ujxe) =2|2| {A)e {2s,u ) e{s + -,u). 


eeFx/Fx2 

Proof. We follow the argument of Rallis and Schiffmann [RS]. Choose 
ip G S(F) such that 

^(0) = 0(0) = 0, 

and 


p{x)uj^{x)\xp^ d^x ^ 0 . 


! Fx 


Here, d^x = |a:| ^dx. Put 


<hi(a:) = 


$ 2 ( 0 :) = 


2\xf/‘^[p{y/x) + p{—^/x)] if a: G F^^, 
0 otherwise, 

2\xf/‘^[(p{^/x) + p{—^/x)] if a: G F^^, 
0 otherwise. 


Then we have $ 1 , $2 ^ S(-^) and 

[ ^i{y)fj{xy) dy = [ p{y)fj{xy‘^) dy 


=a(a:)|2a:| j^<p{y)fj{-^) dy 

=a(a:)|2a:|"^/^ / (l>2{y)'f{-^)dy. 
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It follows that 


( 1 . 2 ) 


Ax 


We have a functional equation 


/ <hi(a;)a; ^(a;)|a;| =e'(s +-,ca) / (T 

I px 2 J px 


=e'{s + -,u}) / (p{x)u^{x)\xf^ d^x 


I px 


=e\s + -,u:)e'{2s,u:^)-^ 

X [ !p{x)uj~‘^{x)\x\^~'^'^ d^x. 

Jpx 


By the equation (1.2), the left hand side is 


<hi(a;)a; ^(a;)|a;| d^x 

1 


J px 

= 121“^'^^ f a(x)^ 2 {—^)‘^~^ix)\x\~''d^x 

Jpx Ax 

^|2|2s-(i/2)(^(_4) f a{x)^2{x)uj{x)\xY d^x 


/ px 


_|2|2s-( 1/2)^(_4) y- f ^^(x)uj{x)\x\^ d^x 

r.^r^,r.^O JS-PX^ 


l3eP/px2 


Since [F^ : = A\2\-\ we have 


^ a(/3) f ^2{x)u}{x)\x\^ d^x 

l3ePipx2 Jp-px^ 

= 4 "^| 2 | Y1 (^ilJ)xpid) f ^2ix)uJXeix)\x\" d'^x. 

p,e£FIFx2 
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By Lemma 1.1 and Tate’s functional equation, we have 


4 ^|2| «(/^)X/3(^) / ^2{x)ux9{x)\x\^ d^x 

l3,e&F/Fx^ 

a{e) 


I px 


17/17x2 V / ^ r 


^2ix)uJXeix)\x\^ d^x 


eeF/Fx2 


2 1|2|1/2 / $2(a:)a; ^X0(a;)|a;|^ " 

. «(1) J FX 

/ 1^77 / 77 V 2 V/ 


6»eF/Fx2 


q;(6*) 


=2 ^|2|^/^a;(-l) ^ —^Xe(-l)e'(s,wye,^/>) 

aflj 


\-i 


eeF/Fx2 


X / 0{x)uj ^(a;)|a;f 

J Fx 


eeF/Fx2 


Oi{6) 


X / (f{x)u ^(a;)|a;f d^x. 

J FX 

This proves the lemma. 

Lemma 1.4. For (f) E §>{F), 


□ 


0(a;)Q;(a;)a;(a;)|a;|^ ^ dx 


= \2\-^^+^^/^^^u-\A)e\2s,u^,^P)-^ 

1 
2 


X Y 9’X;x_/3,^/>) 

/3eFx/Fx^ 


'xG0-Fx^ 


(l){x)u ■^(a;)|a;| ^ dx 


Proof. By Lemma 1.2, we have 


0(a;)Q;(a;)a;(a;)|a;|'^ ^ dx = 


Y [ 

r' ! r7iv9 'J X^p- 


p&FjFx'^ 


xep-Fx"^ 


0(a;)a;(a;)|a;|^ ^ dx 


=4 ^|2| Y <x{p)Xe{pld)e\s,uxe) ^ 

pfi,l3£F/Fx^ 

X / ^{x)u~^{x)\x\~^ dx. 

axe/?-Fx2 
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By Lemma 1.1 and Lemma 1.3, we have 


a{p)xe{p/3)e'{s,ujxe) ^ 

P,e,l3eF/F'^^ 


a{6) 


a(l) 


=2|2|-‘/" ^ 

6»,/9gF/Fx2 

=2|2|-'GJKI) 

0,/3eF/Fx2 

=2|2|-'/2^ 


X9(/3)e'(s,uJXe) 


-1 


a(l) 


a{—l36)a{l3) 


e'i-s^uxe) 


-1 


«(1) // N-l 

-£ {s,ujx-fie) 


a{6)a{l3) 


9,/3eF/Fx^ 

=4|2|-2^-(i/2)^a;-i(4)£'(2s,a;2)-i 

/3eFx/Fx2 


This proves the lemma. 


□ 


2. The space of symmetric matrices of rank n. 

Let V = Sym„(F). Then is a prehomogeneous vector space under 
the action of an algebraic group GL„. The set of open orbits of V is 
denoted by O. The set = Sym„(F)®® of semi-stable elements of 
V is the union of all the open orbits. Then Q G G®® if and only if 
det Q 0. The open orbit containing Q G G®® is denoted by Vq. For 
each Q G B®®, we put Dq = (—det Q. 

Definition 2.1. Let Q G G®®. The Clifford invariant rjQ is the Basse 
invariant of the Clifford algebra (resp. the even Clifford algebra) of Q 
if n is even (resp. odd). 

Lemma 2.1. Assume that Q G B®® is equivalent to diag(gi, ... ,qn). If 
n = 2m -f 1 is odd, then 

IQ = (-1. (-1)”, det 0)eg. 

If n = 2m is even, then 

r,Q = (-l,-l>'”l”-‘>-'=((-l)”'+‘,detQ)£g. 

Here, eg = ni<i<i<„(9i.9i)' 

Proof. See Scharlau [14] Ch. 9, Remark 2.12, p333. □ 
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If Q is equivalent to diag(gi, • • • , g^), we set 

n 

aQ{a) = aaQ{l) = Wa{qia). 

Then we have 


i=l 


(2.1) / (j){x)'ilj{Q[x\) dx = 


«q(i) 


|2-detg|V2 Jp, 


(j){x)'ip 


Q ^[x 


dx 


Here, as usual, Q[x\ = hQx and 

^{x) = [ (j)iy)^/jCy ■ x) dy. 


f pn 


Lemma 2.2. 


(1) For Q G and x G we have 
( a{DQ) 


aqix) = < 


a{l) 

a(l) 


I q;(Fq) 

(2) For Q G H®® and f3 E F^, put Q(B(3 = 


rjQ a{x)xDQix) if n IS odd, 

Vq XDq (x) if n is even. 

fn n\ 

. Then we have 


Q 0 

0 f3 


VQ®i3 - 


\vqXDq{/ 3) if n is odd, 

\vqXDq{-/ 3) if n is even. 

Proof. We hrst prove (1). Since = ^|^(a,a;), we have 


{ oc ( 3 ^) 

if n is odd, 
Xdq{x) if n is even 


«q(i) 


Thus we may assume x = 1. One can easily show 
agi^l) = a(l)”"^a(detg)eQ, 

where eg = 

a(l)2"^+^a((-l)-) = (-1, _i)™(-+h/2_ 

It follows that 

a{-lf^a{a) =(-l, 

=(-l, _i)W-+i)/ 2 ^(_l)m^ a)a((-l)”^a). 



10 


TAMOTSU IKEDA 


If n = 2m + 1 is odd, we have 

aQ{l) =a{lf'^a{<leiQ)eQ 

= (_1, _i)-(-+i)/2 (det Q)a{DQ)eQ 
=Vq(^{Dq). 


Similarly, if n = 2m is even, we have 
aQ(l) =a{lf'^~^a{deiQ)eQ 

= (-l, ((-1)"^-!, det g)a((-l)”^-i det Q)a(l)eQ 

„ “(1) 

=Vq / n 1 • 

This proves (1). If n = 2m + 1 is odd, we have 

={-l. ((-1)-", /? det Q) £g{det Q, 13) 

=mXDaW)- 

If n = 2m is even, we have 

toed =(-l. ((-1)”, /? det Q) eg{det Q, 13) 

=mXDa(-l3)- 

Thus the lemma is proved. □ 


For <I> G S(Id), we put 


$(a;) = / ^{y)ij{tT{xy))dy. 

Jv 

Here the measure dx is the self dual measure for the Fourier trans¬ 
form, i.e., dx = nr=i ni<j a = {n + 

l)/2. From the prehomogeneity of V, there is a meromorphic function 
cq((x, s) such that 



$(X)a;(detX) | detX|"-'"dX 


= ^CQ(a;,s) / $(X)a;-i(detX)|detX|-"dX. 
Qeo 


Without a loss of generality, we may assume u is unitary. The left 
hand side is absolutely convergent for Re(s) > (n — l)/2. 
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Theorem 2.1. If n = 2m + 1, then we have 

m 

cq{u, s) =e'{s — m, e'{2s — 2m — 1 + 2r, 

r=l 

^ |2|-2ms+m(2m+l)/2^-m('4^^^_ 

If n = 2m, then we have 


m 

cq{uj, s) =e'{s — m + s' {2s — 2m + 2r, 

r=l 


|2|—2m5H-m(2m—1)/2^— 


OliDn) ,, 1 , 


Proof. We proceed by induction on n. When n = 1, the theorem follows 
immediately from Tate’s local functional equation. 

Now we assume n > 1. We assume the functional equation is true 
for n. We put V = Sym„(F), W = Sym„_,_i(F), a = {n + l)/2, and 
a' = (n + 2)/2. We denote the set of GL„ orbits of G by O and the 
set of GL„+i orbits of V by O'. 


We may assume <h 
S(G), 02 e S(F-), 


T y 

hj X 
G S(F). Note that 


= 01 (T)02 (y)03(a:) for some 0i G 


5 ((v x)) = 

We write T[y] = '^yTy for T G Sym„(F) and y G F". Then we have 



$(T')a;(det T')|detT' 








X a;(a;detT)|a;detT0 '^dxdydT. 


Gonsider the integral 






X a;(a;detT)| detT0^ dxdydT. 
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This integral is absolutely convergent for Re(si), Re(s 2 ) > (n — l)/2. 
By the functional equation for V, this is equal to 


Z/ / 

Q(za ^ -^TgVq JyGF'^ JxGF 


<t>,{T)^{-x-^T[y])Uy)H^) 


X u-\det T)u{x)\x\^^-^' dxdydT. 


This integral is absolutely convergent for Re(si) < 1/2 and Re(s 2 ) > 
(n — l)/2. On this absolute convergence domain, one can change the 
order of the integration. Using the equation (2.1), this is equal to 


E-5>/ / / 

QgO ^ JTgVq JyGF^ JxGF 


X aQ(x)\2^x ’"detTi ^/^0i(T)02(i/)03(a^) 

X ij{4-^xT-^[y])uj-\det T) \ detT\-^^+^^/^^uj{x)\x\^^-^' dx dy dT 


= Y 1 Y 1 

QGO pGF^/F^'2 




'TgVq JyGF'^ JxGp-F^'^ 


2\^/^,{T)U‘^y)Ux) 


X ip{xT ^[i/])a;(detT)| detT| ^dxdydT. 


By Lemma 1.2, this is equal to 

^~^WQ{^^Si-\)(^Q{p)Xe{pld)e'{s,uxe)~^ 

QGO p,e,l3GFx/F^'2 

X / [ [ \2r/%{T)M^y)Mx + T-^[y]) 

JtgVq JyGF^ Jxei3-Fx^ 

X a;“^(a;detT)| det dxdydT. 


By putting Si = S 2 = s, we have 


u,s) = 4: ^|2|cQ(a;,s--) ^ agip) Xe{pf3) e'{s,uxe) ^ 


p,9eFx /FX2 
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If n = 2m is even, by using Lemma 2.2, we have 


4 ^| 2 | ^ aQ{p)xe{pl^)e\s,uJXe) ^ 

p,6»eFx/Fx2 

=4~^|2hQ XDQ{,p)xe{.pl^)e'{.s,uJXe)~^ 

^ ' p,0GFx/irx2 


( n\ f{ 1 

=VQ-n^XDQ{-^)£KS,UXDQ) 


^Vq(b0 


c^iDQr ^ 

a{l) 


aiDq) 


e'is^uxDo) ^■ 


It follows that 


1 f 11 

CQ®p{uj, s) =cq{uj, s - -) r / Q®/3 UJXDq) 


-1 


=e fs — m, u) 


Yl s'{2s - 2m - 1 + 2r, 


r=l 


X |2|“2ms+(m(2m+l))/2)^-mj'^^ 


^Qe/3- 


On the other hand, if n = 2m + 1 is odd, by using Lemma 2.2 (1), we 
have 


4-1 

=4-1 

=4-1 


2 | Y1 (^Q{p)Xe{pP)e’{s,uJXe) ^ 


p,9€F^ /Fx2 


2 


(1)_ 

{Dq) 


2 


( 1 ) 

{Dq) 


(^{p)XDQ{p)xe{pl^)e'{s,uxe) ^ 

p,eeF^/F>^^ 

(^{p)Xp{DQ0)xe{/3)e'{s,uxe)~^- 

p,eeF^/F>^^ 
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4 . Vq (^ip)Xp{DQe)xe{/3)e\s,uJXe) ^ 

' Q' « Ot^TPX /I?X2 


By Lemma 1.1 and Lemma 1.3, we have 
1-1101 «(1) 

^'IQ 

p,eeFx/Fx2 

--2-^\2\^/^a{DQ)riQ ^ aiDgO) xe{/3) e'{s,ujxe)~^ 

6»eFx/Fx2 

--2-^\2\^/^a{DQ)r]Q ^ a(-/30) XDq 0(/5) £'(s,a;x_DQ/3(?) 


-1 


6»eFx/Fx2 


«( 1 ) // 


=2 ^|2|^/2^(DQ)a(/3)XziQ(/5)hQ Y1 


6»eFx/Fx2 


-1 


=|2|-^«'‘/^)c.-‘(4)d^,,g £'(2., + i. 


It follows that 


u,,s) =c^(u,,.s- i)|2|-'^‘+'V«,.-.(4)d^,,^ 
2 Clllj 

X e(2s,a;2)-V'(s + wXDq®^) 

T m+1 


=£ {s-m--,u) 


JJ e'(2s - 2m - 2 + 2r, u^)-^ 


r=l 


^ |2|-2(m+l).+((m+l)(2m+l)/2)^-m-W4N Q^(-PQe/3) g// ^ -^UXD 

q;(1) 2 


Thus we have proved Theorem 2.1 


□ 


By the theory of prehomogeneous vector space, there is a function 
Cq{u, s) such that 


$(X)a;(det X) 7]x \ det X|"-" dX 


'V 


:^CQ(a;,s) I $(X)a;-i(detX) |detX|-"dX. 

QeO 


'v„ 


Theorem 2.2. If n = 2m + 1 is odd, then we have 


c'q{u,s) =e\s,u) ^ ]^e'(2s — 2m — 2 + 2r, ca^) ^ 


r=l 


^ |2|—2ms+(m(2m+3)/2)^— 
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If n = 2m is even, then we have 

m 

Cq{u, -s) = e'{2s — 2m — 1 + 2r, 

r=l 


aiDq) ^ 

This theorem can be proved in the same way as Theorem 2.1. As we 
just give an outline of the proof. 


Proof. Assume n = 2m + 1 is odd. By Theorem 2.1, we have 



$(X)a;(det X) | det dX 


2 |- 2 ms+(m( 2 m+l)/ 2 )^-m^ 4 ^^/^^ _ JJ - 2m - 1 + 2r, 

r=l 


^{X)uj~\detX)7]x\detX\-^dX. 

Q&O 


By changing u, s and $ by u~^, m + 1 — s and $, respectively, we 
obtain the desired functional equation for odd n. Assume n is odd. 
Then as in the proof of Theorem 2.1, one can prove 

_ ^ ^ _ 

s) =4"^|2| c'q(uXp, s - -)aQ(p) 

p,eeFx/Fx2 

X Xp(det Q)x0(p/3)£'(s, cjx(-i)-^0)~^- 

After a little calculation, we obtain the desired functional equation for 
even n. □ 


Remark 2.1. The method of the proofs above are due to F. Sato. See 
also Muller [9]. Sweets [19] calculated the “gamma matrix” for the 
prehomogeneous vector space V in the case a; = 1. Theorem 2.1 for 
a; = 1 follows from his results. 


3. Degenerate Whittaker functionals 

In this section, we follow the argument of Kudla and Sweet [19]. Let 


Sp„(f) = I ([p ^]) £ M„(f) 


be the symplectic group of rank n. Let 

'A B 
0 


a(F) = 


A‘D -B‘C = 1, 


£ Sp„(F) 
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be the Siegel parabolic subgroup of Sp„(F). Put 

= (o" f„) ^ Sp„(f’) 

for B G Sym„(F). Then Nn{F) = {n{B) \ B G Sym„(F)} is the unipo- 
tent radical of Pn{F). 

For a quasi-character ca of we consider the degenerate principal 
series I{u, s) = Indp^"(a;| det |®). The space of /(ca, s) consists of locally 
constant function f{g) on Sp„(F) such that 

0 ■/■)») =‘p(det^)|detAr+«”+‘l-'=>/(9) 

G Pn{F) and g G Sp„(F). For f{g) G I{uj,s) and 

B G Sym„(F)®®, put 

M{s)f{g)=[ f{wnn{x)g)dx. 

JSym„iF) 


for any 


A 

0 


B 

tA-i 



Whsis)/'= [ f{wnn{x))'i/j{tT{Bx))dx. 

dSym„{F) 

Here, 



The integrals M{s) and Whp(s) are absolutely convergent for Re(s) 3> 

0 and can be meromorphically continued to the whole complex plane. 

If s is not a pole of M{s), then M[s)f\g) G /(w^, —s). Moreover, it 
is known that Whp(s) is entire. 

Lemma 3.1. The following functional equation holds: 

WhB(—s) o M{s) = a;“^(det B)\ det B\~'^cb{oo, s)WhB(<s). 

Proof. Let m be a sufficiently large integer such that 

5-|-p'"Sym„(o) C {x G Sym„(F)p | | deta;| = | deti?|, a;(deta;) = a;(deti?)}. 

Here, Sym„(F)p = {i?[X] | X G GL„(F)} is the orbit containing 
B. Note that Sym„(F)B is an open subset of Sym„(F). Let <F G 
S(Sym„(F)) be the characteristic function of H -|- p™Sym„(o). We de- 
hne /$ G s) such that 

• Supp(/$) C Pn{F)wNn{F). 

• /(tc„n(a;)) = <F(a;) for x G Sym„(F). 
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Then, we have Wh(s)/$ = ^{—B) ^ 0. On the other hand, we have 


M{s)U{wnn{x)) = 


OeSym„(F) 


OeSym„(F) 


U{Wnn{y)wnn{x)) dx 

<h(a; — i/“^)a;“^(det y)\ dy 


$(a; — i/)a;(det y) \ det y\^ (0+i)/2) 


Jy£Sjm„{F) 

By Theorem 2.1, this is equal to 


E 

bgo 


Cb{UJ,S) 


OGSym„(F)B 


^{y)ilj{tT{xy))uj ^(deti/)| detyl dy 


=cb{uj,s)u ^(det5)1 deti?I 

=cb{uj, s)ci;“^(det B)\ det 5|“^$(a;). 
It follows that 


yGSym„(F) 


^{y)^|J{tT{xy)) dy 


Wh{-s)M{s)U = 


M{s)U{wnn{x))ijB{x) dx 


/a;GSym„(F) 
.-1 


=cb{u),s)u ^(det 5)1 det 5| ®<h(—5). 


Hence the lemma. 


□ 


4. Siegel series and its functional equation 

As before, let 5 be a non-archimedean local held. In this section, 
we assume that the additive character ip is of order 0. Recall that 5 G 
Sym„(5) is called non-degenerate if Db ^ 0. The set of non-degenerate 
elements in Sym„(5) is denoted by Sym„(5)'^'^. For 5 G Sym„(5)®®, 
put 

Db =(- 4 )[’^/ 2 ] 

^ {{Db^fj) if F{\/Db)/F is unramihed, 

10 otherwise. 

Let hs be the conductor of the extension Db)/F. We set 

5b = {okIDb - ordhs)/2. 


where ord is the valuation of F. 
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We recall the theory of Siegel series (cf. Shimura [15], [16]). For 
B G Sym„(F)®®, we dehne a polynomial 'y{B,X) e Z[X] by 


l{B,X) 


(1 - X)(l - nrii(l - if ^ is even, 

(1 — X) ~ q‘^^X‘^) if n is odd. 


Let /g*i be the function on the symplectic group Sp„(F) dehned by 

fl^^\g) = \detA\-^X(n+i)/2)^ 

for 

9= t^-i) n(5)M, A e GLn(F),B e SyinjF),ue Sp„(o). 

Then is a class one vector for the degenerate principal series / (I, s) = 
Indp^"| det h. 

Consider the integral 

b(B, s) = \ 2 \-^A- 1 )A f fis-an+l)/2)) 

JNnik) 

This integral is absolutely convergent for Re(s) 3> 0. Moreover, there 
exists a polynomial F{B,X) G Z[X] such that 

b{B,s)=y{B,q-^)F{B;q-^). 

For a proof of this fact, see [16]. Let 

'Hn(o) = {B = {bij) G Sym„(F) | % G 2"^o, bu e o {1 < i < j < n)} 

be the set of half-integral symmetric matrices of F. It is known that 
F{B,X) = 0 unless B G 'Hn(o). Moreover, if i? G 'Hn(o), then 
F{B,0) = 1. 


Theorem 4.1. The following functional equations hold. 

(1) If n is even, then 

F{B,q-^-^X-^) = {q^^+^'>Bx)-^^^F{B,X). 

(2) If n is odd, then 

F{B,q-^-^X-^) = 

This theorem was first proved by Katsurada [5] for F = Qp. See also 
[1] and [13]. 

Proof. To simplify the notation, we put 

C(s) =L(s, 1 ) = (1 

L{s) =L{s, xdb) = (1 - ^Bq~')~^- 
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It is well-known that 


Mis) - |2rl»-h/4 ^(^ V) W C(2g-n + 2i) (_,) 

'' C{s+^^)l\a2s + n+l-2ty^ • 

By Lemma 3.1, we have 

7(B, (B; ,*-((”+i)/2)) 


X |2| 


n(n—1)/4 ^ 


C('5 ~ ^-/r' ({2s — n + 2i) 


n 


((5+"^) a2s + n + l-2z) 
=Cb{1, s)| det 5|-*7(5, ^-s-((n+i)/ 2 )^_ 

We hrst prove (1). If n is even, then we have 

,L{—s + i) 


CBil,s)=\2\ 


_I o I —ns-\-(n{n— 


l)/4)|0^|^ 


L{s + \) 


^ C('S C(2s — n + 2i) 


T / i\ n/2 


C(-s + ^) AA^(-2s + n + l-2*)’ 
1 




Ci-s + fy C(-2s + n + 1 - 2*) ’ 

+i) 14 1 


n 


C(s + C(2s + n + 1 - 2i) ■ 

Hence we have (1). If n is odd, then we have 

cb( 1, .) = |2|-<-)-+W"-‘)/-»dh_^ n ~" ^ 


C(-s+7i)i2C(-2s+n + l-2i)’ 

(n-l)/2 

2 


7(5,^-((n+i)/2))^^(_^^!i+ )-i Yl ((-2. + n + l-2^)-\ 


2=1 
(n-l)/2 


7(B,g-«-«’^+i)/2))=C(s + ^)"' n C(2s + n + l-2^)-h 


2=1 


□ 
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